ABSTRACT. -Let A be a finite dimensional associative algebra over an algebraically closed field such that there are, up to isomorphism, only finitely many indecomposable left A-modules. We show that the orbit closures in the associated module varieties are unibranch.
Introduction
Throughout the paper, k denotes a fixed algebraically closed field and A an associative finite dimensional k-algebra with identity. Furthermore, mod A stands for the category of finite dimensional left A-modules. A variety means an algebraic reduced k-scheme and a point of a variety is always assumed to be closed.
Let Recall that a variety X is said to be unibranch if it is irreducible and the normalization map X → X is bijective. Since any normalization map is closed, the above implies that X → X is a homeomorphism. Hence unibranch varieties are topologically like normal varieties. An interesting question is whether O M is a normal variety if I(M ) is a finite set.
The algebra A is called representation finite if the set ind A is finite. Then the set I(M ) is finite as well, for any M ∈ mod A. Hence we derive the following consequence. As another application of Theorem 1.2 we get the following result.
THEOREM 1.4. -If M is a preprojective module in mod A then I(M ) is a finite set and hence the variety O M is unibranch.
We refer to Section 5 for the definition of preprojective modules. The paper is organized as follows. In Section 2 we show a criterion for smooth points of the orbit closures in module varieties. Sections 3, 4 and 5 are devoted to the proofs of Theorems 1.1, 1.2 and 1.4, respectively. In Section 6 we present an example of an orbit closure in a module variety which is not unibranch.
Smooth points of orbit closures
Let M and N be two modules in mod A. We shall use several times the characterization proved in [7] The remainder of this section will be devoted to the proof of the following result.
We have to recall some notation and results of Section 3 in [8] . Let
be the functor defined in [8] , Section 3.3, where t = [Z ⊕ M, M ] A . This functor is represented by an algebraic k-scheme X such that the underlying variety is given by
In particular the orbits
On the other hand, the tangent space T X ,N corresponds to the preimage of N via the canonical map
, where U, V ∈ mod A, induces an extension W Z of the A-module V by the A-module U , which has the following block form
Applying Lemma 3.11 in [8] we get that
Thus it remains to show that
denote the automorphism group of the A-module M . This is a nonempty open subset of the space of A-endomorphisms of M . Using the equalities
we reduce the problem to the inequality
Hence, the pullback of Σ via g is a splittable exact sequence and consequently, ξ belongs to the kernel of the last map in the following long exact sequence induced by Ω: 
This implies that
is commutative. Let B be the one-point extension of A by X, namely the algebra A X 0 k with the usual addition and multiplication of matrices. If (N, V, ϕ) ∈ M then N ⊕ V becomes a B-module with the multiplication
One easily checks that this leads to an equivalence of categories
(see for example Section 2.5 in [6] ). We shall construct affine varieties corresponding to M like the module varieties mod
in similar way as we have defined the equivalence Φ. Let (N, ϕ) belong to M(d, c) and ξ denote the composition of the canonical isomorphisms:
Here and later on, M d×c (k) is the vector space of d × c-matrices with coefficients in k. Then
is the algebra homomorphism given by
G. ZWARA
The morphism Φ (d,c) induces the bijection between the orbits in M(d, c) and some orbits in mod d+c B (k), preserving and reflecting the closures and their geometric properties. In order to avoid introducing new notions, we formulate this fact in a less general form, which is sufficient for our applications.
Furthermore, if this is the case, then Gl
Proof. -Let C = ke 1 × ke 2 be the semisimple subalgebra of B, where e 1 = 1 A and e 2 = 1 k are orthogonal idempotents with e 1 + e 2 = 1 B . The inclusion C ⊆ B induces the
The isotropy group of E equals
We claim that p
Applying the algebra homomorphism L to the equalities
we get that L is of the form (3.1), which proves the claim.
From the above description of p −1 (E) and the definition of
From the definition of ξ and ϕ we conclude that
It suffices to show that there is a regular morphism η :
for any v ∈ k c , a ∈ A and x ∈ X, the morphism η is well defined. 2 , where e 1 = 1 A and e 2 = 1 k are orthogonal idempotents. Then we get the exact sequences
which finishes the proof. ✷ Using the above proposition we can reformulate the results of Section 2. We abbreviate
and only if there is an exact sequence
0 → Z → Z ⊕ P → N → 0 in M for some Z. Furthermore,
if this is the case, then:
(
Let F : mod A → M be the full and faithful functor such that
for any module N ∈ mod A and F α = (α, Hom A (X, α)) for any A-homomorphism α : N → N .
N ). Then we get the commutative diagram
Since f is injective, α 2 is uniquely determined by α 1 . Furthermore, the image of Hom A (X, α 1 ) must be included in the image of f . In particular, α 1 belongs to im f . Since the functor F is full and faithful, then
Applying Corollary 3.3(1), Lemma 3.4 and the additivity of F , we derive the following consequence.
is an exact sequence in mod A and the diagram
is commutative and has exact rows. Observe that im f ⊆ im(δ 1 ) * and N ) is an injective map, there is a unique map
such that Hom A (X, β) = f β . Then we get the following commutative diagram with exact rows 
(see Section 2.1 in [3] or Lemma 2.1 in [4] ). This implies that p , being induced by q, is an isomorphism.
Recall that M(d, c) is a closed subset of the Gl (d,c) (k)-variety
is a principal Gl c (k)-bundle inducing a bijection between the sets of Gl (d,c) (k)-orbits in D and
L). Since π is an open and surjective morphism and
is a closed subset of D , then C A is closed in C. This implies that O MX is contained in C A and the induced map
Since π is a smooth morphism, the claim follows from Lemmas 3.6 and 3.7. ✷
Proof of Theorem 1.2
Throughout this section we assume that I(M ) is a finite set. Denote by S(M ) the full subcategory of mod A consisting of the modules Y such that there is an injective A-homomorphism Y → M i for some i 1. Obviously the category S(M ) is closed under isomorphisms, submodules and direct sums.
Proof of the part (1) . -Let X be a module in mod A such that I(M ) ⊆ add(X). Then any module from S(M ) belongs to add(X). By Theorem 1.1, it remains to show that the variety O MX is smooth. Let (N, V ) be a point of O MX . By Theorem 1.1, there is an exact sequence Hom A (X, β) . The above sequence has the form
where γ is a nilpotent endomorphism. Observe that the sequence
is exact and im Hom A (X, β) = imHom A (X, (ε, ζ)). By induction on i, we get that the homomorphism
is injective for any i 1. We take i such that γ i = 0. Then we obtain a monomorphism Z → M i which implies that Z ∈ S(M ). Consequently, Z belongs to add(X). Then (N, V ) is a smooth point of O MX , by Theorem 1.1 applied to the sequence (4.1). ✷
We shall need the following lemma about unibranch varieties. This result was pointed out to the author by M. Reineke. 
where f is a proper birational morphism. Furthermore, the fibres of f are connected, by the Zariski Main Theorem.
Assume first that X is a unibranch variety. Then g is a homeomorphism and hence g f has connected fibres. Since f h = g f and h is a surjective map, the fibres of f are connected.
Assume now that Y is a unibranch variety, which implies that h is a homeomorphism. If the fibres of f are connected then the same holds for g f = f h and consequently for g since f is a surjective map. On the other hand, the map g is finite, which implies that the fibres of g are finite sets. Altogether we get that g is a bijective map and X is a unibranch variety. ✷ We may reduce the proof of parts (2) and (3) of Theorem 1.2 as follows. Assume that we have shown part (2) for some module X ∈ mod A satisfying I(M ) ⊆ add(X). Then p M,X is a resolution of singularities. In particular, O MX is a unibranch variety and we get part (3) of Theorem 1.2, by Lemma 4.1. Applying Theorem 1.1 and again Lemma 4.1, we obtain part (2) of Theorem 1.2, this time for arbitrary X ∈ mod A. Therefore we shall choose some special A-module X.
In the remainder of this section we assume that
Let Z ∈ mod A and f 1 , . . . , f r be a basis of Hom A (Z, M ). We define the A-homomorphism
Consequently, f factors through Z → Z/L Z which implies that the map
is also surjective. ✷ Observe that the endomorphism algebra E = End A (X) is basic, that is E/ rad E is isomorphic to a product of copies of the field k. We have a canonical decomposition of the identity
into a sum of pairwise orthogonal primitive idempotents. For any module N ∈ mod A, the space Hom A (X, N ) has a natural (left) E-module structure. Since
for any Y ∈ I(M ), we obtain the formula for the dimension vector:
Applying the generalization of the Auslander theorem proved in [2] , we obtain the following result.
COROLLARY 4.3. -Let U, V ∈ S(M ). Then U V if and only if
Proof. -From the assumptions we conclude that Let f 1 , . . . , f r be a basis of Hom A (Y , V ) and consider the A-homomorphism
By Lemma 4.2, we get
where e Y · V ⊆ Hom A (Y, N ) . This implies that C N is a subset of D. Furthermore, C N is defined by the conditions LEMMA 4.6. -Any projective module in mod E is isomorphic to Hom A (X, W ) for some W ∈ add(X). Moreover, the k-linear map N ) sending a homomorphism f to Hom A (X, f ), is bijective for any W ∈ add(X) and N ∈ mod A.
Proof. -We consider a projective cover of the E-module V . By Lemma 4.6, we get a module W ∈ add(X) and a homomorphism γ ∈ Hom A (W, N ) such that V is the image of the E-homomorphism Hom A (X, β) . In particular, V is an E-submodule of Hom A (X, N ) . Furthermore, from the exact sequence of E-modules ) and consequently, the variety C U = {U } is nonempty and connected.
Let Z = ker γ. Since add(X) = S(M ) and S(M ) is closed under taking submodules, the modules W and Z belong to S(M ). From the exact sequence of E-modules
Assume
As in the proof of Lemma 4.7, we consider a projective cover
of the E-module U . This leads to an exact sequence
we conclude that 
is not empty. Since π is a projective cover, it induces an isomorphism of semisimple E-modules 
In particular, D Y is an irreducible variety.
and hence Y ∈ Q. This implies that
Then C U is nonempty, by the inductive assumptions and since Q is nonempty as well as
We consider now the closed subvariety
Since C U is a closed subset of the projective variety C N , the map q Y is a projective morphism. Furthermore, the fibre q −1 (P ) = C P × {P } is nonempty and connected for any P ∈ D Y , by the inductive assumptions. Since q Y is a surjective closed map with connected fibres and D Y is a connected variety then E Y is connected as well, for any Y ∈ Q. Let π Y : E Y → C U denote the canonical projection for any Y ∈ Q. Then the morphism
Let Y 1 and Y 2 be two different elements of Q. It suffices to show that the set im π Y1 ∩ im π Y2 is not empty. We take P 1 ∈ D Y1 , P 2 ∈ D Y2 and P = P 1 ∩ P 2 . Then
Consequently, the set C P is nonempty, by the inductive assumptions. We take V ∈ C P . Then V belongs to C Pi and hence (V, P i ) belongs to E Yi for i = 1, 2. 
Proof of the part (4). -By Lemma 2.1, the variety O M is contained in the set
Let N be a point of R. Applying Proposition 4.9 for U = Hom A (X, N ) we get that the set C N is nonempty. From Lemma 4.7 we get an exact sequence 0
Proof of Theorem 1.4
Let (Γ A , τ) denote the Auslander-Reiten quiver of the algebra A (see [6] for details). We may identify the set of vertices of Γ A with ind A. A connected component C of Γ A is called preprojective if it has no cyclic paths and any τ -orbit in C contains a projective module (see [6] ). Moreover, a module from mod A is said to be preprojective if it is isomorphic to a direct sum of modules from preprojective components. Dually, one defines preinjective modules, replacing projective modules by injective ones.
Let M be a preprojective module in mod A. Thus we have a decomposition
4(11) in [6] ) and there is an oriented path in C i leading from X to M i , for any X ∈ ind A and 1 i n. The number of such vertices X is finite and hence I(M ) is a finite set. Consequently, the orbit closure O M is a unibranch variety, by Theorem 1.2. ✷ Remark 5.1. -We would like to mention one more application of Theorem 1.2, which we shall not use. The notions and concepts from representation theory necessary to give a complete proof are quite involved; they can be found in [6] . Assume that A is a tame concealed algebra (see [6] for the definition). Let M be a module in mod A having no nonzero preinjective direct summands. Then the set I(M ) is finite and therefore the orbit closure O M is a unibranch variety. An interesting question is whether O M is unibranch for an arbitrary finite dimensional module M over a tame concealed algebra.
An example
2 ) and assume that the characteristic of k is not equal to 2. We give an example of an orbit closure in mod 
Furthermore, the points of mod 
